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Abstrat
We desribe a method for determining the dispersion of magneti eld vetors about
large-sale elds in turbulent moleular louds. The method is designed to avoid ina-
urate estimates of magnetohydrodynami or turbulent dispersion - and help avoiding
inaurate estimates of eld strengths - due to large-sale, non-turbulent eld stru-
ture when using the well-known method of Chandrasekhar and Fermi. Our method
also provides aurate, independent estimates of the turbulent to large-sale magneti
eld strength ratio. We disuss appliations to the moleular louds OMC-1, M17, and
DR21(Main).
Subjet headings: ISM: louds  ISM: magneti elds  polarization  turbulene
1. Introdution
Chandrasekhar & Fermi (1953) used the dispersion of starlight polarization vetors about on-
tours of Galati latitude (Hiltner 1949) − together with estimates of gas density and line-of-sight
veloity dispersion − to determine the strength of the magneti eld in the arms of the Galaxy. The
same tehnique, The Chandrasekhar-Fermi, `CF', method, has been applied, with modiations,
to estimates of eld strengths in the relatively dense medium of moleular louds at varying temper-
ature, wavelengths, sensitivities, and resolutions (e.g., Lai et al. 2001, 2002, 2003; Cruther et al.
2004; Houde 2004; Girart et al. 2006; Curran & Chrysostomou 2007).
The basis for deriving eld strengths from dispersion measurements is the same for observations
of Galati arms or moleular louds: in either ase dispersion dereases as the eld strengthens.
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But in the ase of the Galati arms, the dispersion is due to magnetohydrodynami (MHD) waves;
the displaements are perpendiular to the diretion of propagation. In the ase of turbulent dis-
persion in moleular louds, there is no preferred diretion. The turbulent omponent an be in any
orientation.
Moreover, in dense louds, the eld may have struture due to eets suh as dierential
rotation, gravitational ollapse, or expanding H II regions; i.e., struture not aounted for by the
basi CF analysis. Consequently, dispersion measured about mean elds, assumed straight, may be
muh larger than should be attributed to MHD waves or turbulene. Dispersion measured about
model large-sale elds (Shleuning 1998; Lai et al. 2002; Girart et al. 2006) that give approximate
ts to a polarization map will result in better estimates but still give inaurate values of the
turbulent omponent, sine they are unlikely to perfetly math the true morphology of the large-
sale magneti eld. In this paper we desribe a method for determining magneti eld dispersion
about loal strutured elds, without assuming any model for the large-sale eld. This method
also provides aurate, independent estimates of the turbulent to large-sale magneti eld strength
ratio.
We begin (2) by disussing diulties one must overome in order to infer turbulent struture
from polarization maps, regardless of large-sale eets. In 3, we present the method and in 4,
we give appliations to the moleular louds OMC-1, M17, and DR21(Main). Detailed derivations
resulting in the relations and funtions used in the aforementioned setions, as well as the data
analysis, will be found in the appendies at the end of the paper.
2. Diulties in Deriving the Turbulent Struture from Polarized Emission
Turbulent veloities of gas motion within and between lumps of material along the line of sight
an often be inferred from the widths and enters of moleular lines (e.g., Kleiner & Dikman 1984,
1985, 1987). But dust polarization measurements of dispersion in magneti eld diretion do not
separate ontributions from either volume elements loated along the line of sight or aross the area
subtended by the telesope beam. Hene the measured angular dispersion tends to be a smoothed
version of the true dispersion (Myers & Goodman 1991; Wiebe & Watson 2004). Nonetheless, a
orresponding average of the dispersion remains and is measurable; for a given objet observations
will thus reveal a higher degree of dispersions when they are realized at an aordingly higher spatial
resolution.
A potentially fruitful line of attak for estimating magneti eld strengths relies on omparisons
of observed and simulated maps of the net polarization (e.g., Ostriker et al. 2001; Heitsh et al. 2001;
Faleta-Gonçalves et al. 2008). If the simulations are omputed for the resolution, olumn density,
and other harateristis of the loud under study, and if they are omputed for several models of the
key variables (e.g., eld strength and turbulent fration), then one an nd the model giving the best
t to the observations. A valid simulation must also take into aount temperatures (Vaillanourt
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2002) and grain alignment eienies in dierent environments (Hoang & Lazarian 2008). The
omparisons are failitated if both the observations and the simulations are presented in tables of
Stokes parameters, so that eah an be analyzed in the same way. The various modiations of the
CF method that have been used to relate net dispersion to eld strength (e.g., Ostriker et al. 2001;
Padoan et al. 2001; Heitsh et al. 2001; Kudoh & Basu 2003; Houde 2004) are, in eet, rst-order
substitutes for simulations.
But a meaningful omparison between simulations and observations an only be ahieved if a re-
liable estimate of the spatially averaged angular dispersion an be seured experimentally. It would
therefore be advantageous if a more general method, whih does not depend on any assumption
onerning the morphology of the large-sale magneti eld, were devised. The method we desribe
in the following setion allows for the evaluation of the plane-of-the-sky turbulent angular dispersion
in moleular louds while avoiding inaurate estimates of the turbulene and orresponding ina-
urate estimates of eld strengths due to distortions in polarization position angles by large-sale
non-turbulent eets. This method an lead to valid estimates of magneti eld strengths only un-
der onditions suh that the Chandrasekhar-Fermi method an be properly applied: a smooth, low
noise, polarization map, preise measured densities and gas veloities that are moderately uniform,
and an adequate aounting of the integration proess impliit to polarization measurements. This
latter aspet will be addressed in a subsequent paper.
3. A Funtion to Desribe Dispersion about Large-sale Fields
Consider a map preisely showing the angle Φ(x) of the (two-dimensional) plane-of-the-sky
projeted magneti eld vetor B (x) at many points in a moleular loud. We obtain a measure of
the dierene in angle, ∆Φ(ℓ) ≡ Φ (x)−Φ (x+ ℓ), between the N(ℓ) pairs of vetors separated by
displaements ℓ, also restrited to the plane-of-the-sky, through the following funtion
〈
∆Φ2 (ℓ)
〉1/2 ≡

 1N (ℓ)
N(ℓ)∑
i=1
[Φ (x)− Φ (x+ ℓ)]2


1/2
, (1)
where 〈· · ·〉 denotes an average and ℓ = |ℓ|. The square of equation (1) is also often referred to
as a struture funtion (of the seond order in this ase; see Faleta-Gonçalves et al. 2008; Frish
1995), but for our appliations we shall refer to it as the dispersion funtion and assume that it
is isotropi (i.e., it only depends on the magnitude of the displaement, ℓ, and not its orientation).
We seek to determine how this quantity varies as a funtion of ℓ.
To do so, we will assume that the magneti eld B (x) is omposed of a large-sale, strutured
eld, B0 (x), and a turbulent (or random) omponent, Bt (x), whih are statistially independent.
We also limit ourselves to ases where δ < ℓ ≪ d, where δ is the orrelation length haraterizing
Bt (x) and d is the typial length sale for variations in B0 (x).
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Fousing on B0 (x) we would expet its ontribution to the dispersion funtion to inrease
(sine
〈
∆Φ2 (ℓ)
〉
is positive denite) almost linearly starting at ℓ = 0 and for small displaements
ℓ ≪ d, as would be expeted from the Taylor expansion of any smoothly varying quantity. We
denote by m the slope haraterizing this linear behavior. We also expet a ontribution from
the turbulent omponent of the magneti eld Bt (x). This ontribution will vary from zero as
ℓ→ 0 (when the two magneti eld vetors are o-aligned) to a maximum average value when the
displaement exeeds the orrelation length δ haraterizing Bt (x). More preisely, we expet that
the turbulent ontribution to the angular dispersion will be a onstant, whih we denote by b, as
long as ℓ > δ. These two ontributions must be ombined quadratially, sine the large-sale and
turbulent elds are statistially independent, to yield
〈
∆Φ2 (ℓ)
〉 ≃ b2 +m2ℓ2 (2)
when δ < ℓ≪ d.
A more formal and rigorous derivation of equation (2) is established in Appendix A under the
further assumptions of homogeneity and isotropy in the magneti eld strength over spae. Although
these assumptions are unlikely to be realized aross moleular louds, this level of idealization is
neessary to allow us to gain insights on, and some quantitative measure of, the importane of the
turbulent omponent of the magneti eld in moleular louds.
In reality, the measured dispersion funtion from a polarization map will also inlude a on-
tribution, σM (ℓ), due to measurement unertainties on the polarization angles Φ (x) that must be
added (quadratially) to equation (2). The square of the total measured dispersion funtion then
beomes
〈
∆Φ2 (ℓ)
〉
tot
≃ b2 +m2ℓ2 + σ2M (ℓ) . (3)
when δ < ℓ≪ d. The funtion 〈∆Φ2 (ℓ)〉
tot
, not
〈
∆Φ2 (ℓ)
〉
, is the one alulated from a polarization
map (from an averaging proess similar to equation [1℄), and will thus ontain separate omponents
due to the large-sale struture (i.e., mℓ), the turbulent dispersion about the large-sale eld (i.e.,
b, the quantity we wish to measure), and measurement unertainties (i.e., σM (ℓ)).
If there were no turbulene and no measurement unertainties, then, for ℓ ≪ d the measured
dispersion funtion would be a straight line with zero interept,
〈
∆Φ(ℓ)2
〉1/2
tot
= mℓ (see Figure 1,
Curve A). Taking the measurement unertainty, σM (ℓ), into aount, the line would be displaed
upward as speied by equation (3) (Curve B, where σM was assumed to be independent of ℓ).
Likewise when we next onsider turbulene, the urve will again be displaed upward in the same
manner (Curve C) exept at values of ℓ below the angular resolution sale at whih the observa-
tions were made (Curve D), or below the turbulent orrelation sale δ (Curve E). Theoretial and
observational estimates of δ for moleular louds are on the order of 1 mp (Lazarian et al. 2004;
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Li & Houde 2008, respetively), well below the size of the telesope beam with whih the observa-
tions presented in this paper were obtained. Although it has not yet been feasible to resolve δ, it is
now feasible to determine the turbulent dispersion at sales omparable to the approximately linear
portion of
〈
∆Φ(ℓ)2
〉1/2
tot
.
Notie that σM (ℓ) an be aurately determined through the unertainties on the measured
polarization angles of eah pair of points used in the alulation of
〈
∆Φ(ℓ)2
〉
tot
, and by then
subtrating its square to obtain
〈
∆Φ(ℓ)2
〉
. As the number and preision of the vetors improve,
equation (2) an be tted to the data for δ < ℓ ≪ d, and the interept at ℓ = 0 provides us with
the turbulent ontribution, b2, to the square of the angular dispersion.
The Chandrasekhar-Fermi method for evaluating strength of the plane-of-the-sky omponent
of the large-sale magneti eld (Chandrasekhar & Fermi 1953) implies that
δB
B0
≃ σ (v)
VA
, (4)
where δB stands for the variation in the magneti eld about the large-sale eld B0, σ (v) is the
one-dimensional veloity dispersion of the gas (of mass density ρ) oupled to the magneti eld, and
VA =
B0√
4πρ
(5)
is the Alfvén speed. It is further assumed that the dispersion, σΦ, in the polarization angles Φ (x)
aross a map is given by
σΦ ≃ δB
B0
. (6)
The ombination of equations (4), (5), and (6) allows for the aforementioned determination of the
plane-of-the-sky omponent of the large-sale magneti eld strength as a funtion of ρ, σ (v) (de-
termined from the width of appropriate spetral line proles), and σΦ (determined from polarization
measurements).
It is shown with equation (A24) in Appendix A that the ratio of the turbulent to large-sale
magneti eld strength is given by
〈
B2t
〉1/2
B0
=
b√
2− b2 . (7)
It is therefore apparent that we should make the orrespondene
〈
B2t
〉1/2 → δB and that
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B0 ≃
√
(2− b2) 4πρ σ (v)
b
≃
√
8πρ
σ (v)
b
, (8)
where the last equation applies when Bt ≪ B0. The fat that the turbulent dispersion, b, is to be
divided by approximately
√
2 before being inserted the Chandrasekhar-Fermi equation is readily
understood by the fat that (negleting the ontribution of the large-sale eld)
〈
∆Φ2 (ℓ)
〉
=
〈
[Φ (x)− Φ (x+ ℓ)]2
〉
= 2
(〈
Φ2
〉− 〈Φ〉2)
= 2σ2Φ,
when ℓ > δ. Sine we also know that
〈
∆Φ2 (ℓ)
〉
= b2 at these sales, we then nd that b2 = 2σ2Φ,
whih is onsistent with equations (6) and (7).
It should be noted that the ombination of equations (7) and (8) allows, in priniple, for the
determination of both the large-sale and turbulent magneti elds' strength from polarization and
spetrosopy data.
4. Appliations to the Moleular Clouds OMC-1, M17, and DR21(Main)
Using data from the polarimeter Hertz (Dowell et al. 1998) at the Calteh Submillimeter
Observatory at 350 µm, we have measured dispersion funtions for the moleular louds OMC-
1, M17, and DR21(Main). These data are disussed in detail in Houde et al. (2004) for OMC-1,
Houde et al. (2002) for M17, and Kirby (2009) for DR21(Main). Figure 2 shows the results for all
soures. More details on the data analysis will be found in Appendix B.
For eah objet, we show
〈
∆Φ2 (ℓ)
〉1/2
over the loud along with the best t from equation
(2) using the rst three data points to ensure that ℓ ≪ d, as muh as possible. The measurement
unertainties were removed prior to operating the ts to the orresponding data sets. The turbulent
ontribution to the total angular dispersion is determined by the zero interept of the t to the
data at ℓ = 0. The net turbulent omponent, b, is 0.18± 0.01 rad (10.4 ± 0.6 deg), 0.12 ± 0.02 rad
(6.8±1.3 deg), and 0.15±0.01 rad (8.3±0.3 deg) for M17, DR21(Main), and OMC-1, respetively.
Although large variations in density within the observed regions prevent a reliable estimate in
the eld strength at preise loations, it is still possible to give some average value for the large-sale
and turbulent eld strengths. To do so we use representative line width measurements from H
13
CO
+
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J = 3→ 2 detetions within the three louds. For OMC-1 and M17 we have used the orresponding
measurements published in Houde et al. (2000) (more preisely, an average of the varianes obtained
at the two positions listed for M17), while for DR21(Main) we have used previously unpublished
data. This moleular speies is well suited for this as the eetive density needed for line detetion
with the aforementioned transition (neff ∼ 105 cm−3, see Evans 1999) is lose to the densities at
whih dust ontinuum emission is deteted at the measured wavelength. Also, the orresponding
spetral lines are likely to be optially thin (like the dust ontinuum) and an ion moleule suh as
this one is better oupled to the magneti eld (and the dust) than orresponding neutral speies
(e.g., H
13
CN for the same rotational transition) over the whole turbulent energy density spetrum
(Li & Houde 2008). Therefore, using a density of 105 cm−3 and a mean moleular weight of 2.3 we
obtain the results shown in Table 1. As a simple omparison, the values of dispersion shown in
the table are approximately three times lower than would be obtained if one naively alulated the
dispersions about the global mean eld (i.e., the eld diretion dened by the mean of all polarization
vetors in the orresponding map). More preisely, we get dispersions of 27.2, 21.0, and 26.8 degrees
about the global mean eld orientation for M17, DR21(Main), and OMC-1, respetively.
We wish to emphasize the fat that the quoted values for B0 ould not be preise to better
than a fator of a few due to a lak of preise gas density numbers. Moreover, the values for the
large-sale magneti eld strength we derived are up to an order of magnitude higher than those
obtained with other observational means (f., the results of Cruther et al. (1999) for OMC-1 and
M17 using CN Zeeman measurements). These high values are in part the result of the smaller
angular dispersions obtained using our tehnique as ompared to more ommon methods used
when applying the Chandrasekhar-Fermi equation (e.g., model ts to large-sale elds). One must
keep in mind, however, that the proess of signal integration through the thikness of the loud
and aross the telesope beam that is inherent to polarization measurements has not been taken
into aount. We will show in a subsequent publiation how this situation is retied when these
onsiderations (and others) are arefully taken into aount (Myers & Goodman 1991; Ostriker et al.
2001; Wiebe & Watson 2004). Nevertheless, the turbulent to large-sale magneti eld strength ratio
is preisely evaluated through our equation (7).
5. Summary
We have desribed a method to estimate plane-of-the-sky turbulent dispersion in moleular
louds while avoiding inaurate estimates of the turbulene and orresponding inaurate estimates
of eld strengths due to distortions in polarization position angles by large-sale non-turbulent ef-
fets. The method does not depend on any model of the large-sale eld. We plot a dispersion
funtion, the mean absolute dierene in angle between pairs of vetors as a funtion of their dis-
plaement ℓ and show that this funtion inreases approximately linearly for displaements greater
than the instrument resolution, greater than the orrelation length, δ, and less than the typi-
al length sale, d, for variations in the large-sale magneti eld (4). We emphasize that this
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method an lead to valid estimates of magneti eld strengths only under onditions suh that the
Chandrasekhar-Fermi method an be properly applied: a smooth, low noise, polarization map, pre-
ise measured densities and gas veloities that are moderately uniform, and an adequate aounting
of the integration proess impliit to polarization measurements. This method, however, provides
aurate estimates of the turbulent to large-sale magneti eld strength ratio.
Although the resolution of the instruments now available are not adequate to diretly determine
the orrelation length, δ, one an still determine the dispersion in the elds at sales where δ < ℓ≪ d
for the angular dispersion funtion. We have suessfully done this for the OMC-1, M17, and
DR21(Main) moleular louds.
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A. Dispersion Relation Derivation
A.1. Analysis in Three Dimensions
Let us dene the total magneti eld B (x) as being omposed of a deterministi, B0 (x), and
a turbulent (or random), Bt (x), omponents suh that
B (x) =B0(x) +Bt (x). (A1)
These quantities have the following averages at points x and y
〈B0 (x)〉 = B0 (x)
〈B0 (x) ·B0 (y)〉 = B0 (x) ·B0 (y)
〈Bt (x)〉 = 0
〈B0 (x) ·Bt (y)〉 = 〈B0 (x)〉 · 〈Bt (y)〉 = 0. (A2)
We will further assume homogeneity in the eld strength over spae. That is,
〈
B20 (x)
〉
=
〈
B20 (y)
〉
= B20〈
B2t (x)
〉
=
〈
B2t (y)
〉
=
〈
B2t
〉
. (A3)
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Let us now onsider the quantity
〈cos [∆Φ3D (ℓ)]〉 ≡ 〈B (x) ·B (x+ ℓ)〉
[〈B2 (x)〉 〈B2 (x+ ℓ)〉]1/2
. (A4)
The quantity ∆Φ3D (ℓ) is the angle dierene between two magneti eld (or polarization) vetors
separated by a distane ℓ, the average of its square is the funtion that we wish to evaluate through
polarization measurements (albeit in two dimensions, see A.2). Using equations (A1) and (A2) we
nd that the numerator of equation (A4) (i.e., the autoorrelation of the total magneti eld; see
Frish 1995) beomes
〈B (x) ·B (x+ ℓ)〉 = B20 +
〈
B0 (x) ·
[
∞∑
n=1
ℓn
n!
(eℓ · ∇)nB0 (x)
]〉
+ 〈Bt (x) ·Bt (x+ ℓ)〉 , (A5)
where we used the Taylor expansion
B0 (x+ ℓ) = B0 (x) +
∞∑
n=1
ℓn
n!
(eℓ · ∇)nB0 (x) , (A6)
with eℓ the unit vetor in the diretion of ℓ.
If we introdue d the sale length haraterizing (large-sale) variations in B0 and we onsider
situations where ℓ = |ℓ| ≪ d, then we would expet that only the rst term in the summation on
the right hand side of equation (A6) would need to be retained. If we dene ϕi as the angle between
the gradient of the i-omponent (i.e., i = x, y, z) of B0 and eℓ, then when averaging over a large
polarization map we have
〈B0,i (x) [ℓ (eℓ · ∇)B0,i (x)]〉 = ℓB0,i (x) |∇B0,i| 〈cos (ϕi)〉 . (A7)
But sine eℓ is equally likely to be oriented in any diretion over the whole map we have 〈cos (ϕi)〉 = 0
and the rst order term of the Taylor expansion (i.e., equation [A7℄) anels out. It therefore follows
that the rst non-vanishing term in the summation on the right hand side of equation (A6) is of
seond order with
〈
B0 (x) ·
[
∞∑
n=1
1
n!
(ℓ · ∇)nB0 (x)
]〉
≃ 1
2
〈
B0 (x) · (eℓ · ∇)2B0 (x)
〉
ℓ2. (A8)
when ℓ ≪ d. If we also assume stationarity for the turbulent magneti eld, then we dene the
autoorrelation of the turbulent eld as
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〈Bt ·Bt (ℓ)〉 ≡ 〈Bt (x) ·Bt (x+ ℓ)〉 , (A9)
whih, if we now dene δ as the orrelation length for Bt (x), has the following limits
〈Bt ·Bt (ℓ)〉 =
{ 〈
B2t
〉
, when ℓ→ 0
0, when ℓ > δ
(A10)
sine the turbulent eld is assumed unorrelated over separations exeeding δ and 〈Bt〉 = 0 from
the third of equations (A2). Inserting equations (A8) and (A9) into equation (A5) we have
〈B (x) ·B (x+ ℓ)〉 ≃ B20 (x) +
1
2
〈
B0 (x) · (eℓ · ∇)2B0 (x)
〉
ℓ2 + 〈Bt ·Bt (ℓ)〉 , (A11)
when ℓ≪ d.
Using the assumed homogeneity in the elds' strength (i.e., equations [A3℄) the denominator
of equation (A4) an be readily simplied to
[〈
B2 (x)
〉 〈
B2 (x+ ℓ)
〉]1/2
=
〈
B2
〉
=
〈
B20 +B
2
t + 2 (B0 ·Bt)
〉
,
whih, with the fourth of equations (A2), beomes
[〈
B2 (x)
〉 〈
B2 (x+ ℓ)
〉]1/2
= B20 +
〈
B2t
〉
. (A12)
If we further assume isotropy over spae (i.e., ∆Φ3D (ℓ) = ∆Φ3D (ℓ)) and insert equations (A11)
and (A12) into equation (A4) we have
〈cos [∆Φ3D (ℓ)]〉 ≃ 1−
〈
B2t
〉− 〈Bt ·Bt (ℓ)〉 − 12 〈B0 (x) · (eℓ · ∇)2B0 (x)〉 ℓ2
B20 +
〈
B2t
〉 , (A13)
when ℓ≪ d. For ases where ∆Φ3D (ℓ) is small equation (A13) simplies to
〈
∆Φ23D (ℓ)
〉 ≃ 2
[〈
B2t
〉− 〈Bt ·Bt (ℓ)〉]
B20 +
〈
B2t
〉 −
〈
B0 (x) · (eℓ · ∇)2B0 (x)
〉
B20 +
〈
B2t
〉 ℓ2, (A14)
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still when ℓ≪ d.
Examining equation (A10) we reover the behavior of the turbulent ontribution to
〈
∆Φ23D (ℓ)
〉
(i.e., the rst term on the right-hand side of equation [A14℄) desribed in 3 that goes from 0 when
ℓ→ 0 to a onstant, whih we now dene as b23D, when ℓ > δ. The data sets analyzed in this paper
are suh that ℓ > δ in all ases. We therefore nd that the dispersion funtion is of the form
〈
∆Φ23D (ℓ)
〉 ≃ b23D +m23Dℓ2, (A15)
with
b23D =
2
〈
B2t
〉
B20 +
〈
B2t
〉
when δ < ℓ ≪ d. One again, we identify b3D with the onstant ontribution stemming from the
turbulent eld to the total angular dispersion, while the larger sale ontribution due to variations
in the large-sale eld B0 is aounted for by the presene of a term proportional to ℓ
2
in equation
(A15).
A.2. Analysis in Two Dimensions
The analysis presented above an still be used when we limit ourselves to two dimensions.
This is needed in order to enable omparisons with polarization measurements, whih only probe
the plane-of-the-sky omponent, B‖, of the magneti eld. Dening e⊥ as the unit vetor direted
along the line-of-sight we have for the total magneti eld
B‖ = B− (B · e⊥) e⊥, (A16)
and similar relations for B0 and Bt.
We need to evaluate, among others, the following autoorrelation
〈
B‖ (x) ·B‖ (x+ ℓ)
〉
= 〈B (x) ·B (x+ ℓ)〉 − 〈[B (x) · e⊥] [B (x+ ℓ) · e⊥]〉 , (A17)
where the separation ℓ is now limited to the plane-of-the-sky. The last term on the right hand-side
an be transformed to
〈[B (x) · e⊥] [B (x+ ℓ) · e⊥]〉 = 〈{[B0 (x) +Bt (x)] · e⊥} {[B0 (x+ ℓ) +Bt (x+ ℓ)] · e⊥}〉
= B20,⊥ + 〈[Bt (x) · e⊥] [Bt (x+ ℓ) · e⊥]〉 . (A18)
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Using the same method that led to equation (A12) in the three-dimensional ase we also have
that
[〈
B2‖ (x)
〉〈
B2‖ (x+ ℓ)
〉]1/2
= B20,‖ +
〈
B2t,‖
〉
. (A19)
We now introdue the funtion
〈cos [∆Φ (ℓ)]〉 ≡
〈
B‖ (x) ·B‖ (x+ ℓ)
〉
[〈
B2‖ (x)
〉〈
B2‖ (x+ ℓ)
〉]1/2 , (A20)
whih upon inserting equations (A11), (A17), (A18), and (A19) with the ondition of spae isotropy
beomes
〈cos [∆Φ (ℓ)]〉 ≃ 1−
〈
B2t,‖
〉
− 〈Bt,‖ ·Bt,‖ (ℓ)〉− 12 〈B0 (x) · (eℓ · ∇)2B0 (x)〉 ℓ2
B20,‖ +
〈
B2t,‖
〉 ,
when ℓ≪ d and where
〈
Bt,‖ ·Bt,‖ (ℓ)
〉
= 〈Bt ·Bt (ℓ)〉 − 〈[Bt (x) · e⊥] [Bt (x+ ℓ) · e⊥]〉 .
If we further onsider ∆Φ(ℓ) to be small, then we nd
〈
∆Φ2 (ℓ)
〉 ≃ 2
[〈
B2t,‖
〉
− 〈Bt,‖ ·Bt,‖ (ℓ)〉]
B20,‖ +
〈
B2t,‖
〉 −
〈
B0 (x) · (eℓ · ∇)2B0 (x)
〉
B20,‖ +
〈
B2t,‖
〉 ℓ2 (A21)
still when ℓ≪ d and the displaement ℓ is limited to the plane-of-the-sky.
For our data sets we have the further simpliation that δ < ℓ≪ d and the dispersion funtion,
equation (A21), has then a form similar to its three-dimensional ounterpart with
〈
∆Φ2 (ℓ)
〉 ≃ b2 +m2ℓ2, (A22)
where
b2 =
2
〈
B2t,‖
〉
B20,‖ +
〈
B2t,‖
〉
(A23)
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is the quantity we evaluate through polarization measurements. Equation (A23) an be transformed
to yield the ratio of the turbulent to large-sale magneti eld strength through
〈
B2t,‖
〉1/2
B0,‖
=
b√
2− b2 . (A24)
B. Data Analysis
Data from the Hertz polarimeter on the louds studied here have been previously published by
Houde et al. (2004) for OMC-1, Houde et al. (2002) for M17, and Kirby (2009) for DR21(Main).
Details on the instrument as well as data aquisition and redution an be found in Dowell et al.
(1998) and Kirby et al. (2005), respetively. The analysis presented here is performed on a omplete
re-redution of the raw Hertz data using the method of Kirby et al. (2005) and Dotson et al. (2009).
The data may dier slightly from that published in the referenes above. For our purposes we only
inlude data whih satisfy the P > 3σP riterion, where P is the polarization fration and σP its
unertainty.
In eah of the three objets the angle dierenes between eah and every pair of data points
are alulated as
∆Φij = Φi − Φj, (B1)
and the orresponding distane between eah point
ℓij ≡ |xi − xj|. (B2)
Note that ℓij = ℓji so that a map with N data points ontains only N(N −1)/2 distint dierenes.
Also note that |∆Φij| is onstrained to be in the range [0, 90] degrees.
These data are divided into separate distane bins with sizes orresponding to integer multiples
of a single Hertz pixel-to-pixel separation (17.′′8); the rst bin overs ℓ1 ≤ ℓij < ℓ2 (where ℓk
orresponds to k pixels). Within eah bin k we alulate the dispersion as the root-mean-square of
the angle dierene
〈
∆Φ2ij
〉1/2
k
for all ℓk ≤ ℓij < ℓk+1. (B3)
The dispersion is orreted for measurement unertainty within eah bin aording to equation
(3). The unertainty on eah ∆Φij follows from simply propagating the measurement unertainties
on both Φi and Φj through equation (B1). The root-mean-square measurement unertainties within
eah bin k are then given by
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σM,k =
〈
σ2(∆Φij)
〉1/2
k
for all ℓk ≤ ℓij < ℓk+1.
The orreted dispersions are those plotted for the dierent bins in Figure 2. The error bars
in Figure 2 are determined by propagating the measurement unertainties for Φi and Φj through
equations (B1) and (B3), most of these are too small to be seen in the gure, espeially at the
smallest displaements.
For eah objet, the data are tted to a linear model of the orreted square dispersion with
respet to the square of the distane aording to equation (2). In the disrete notation introdued
in this setion, the model is given by
〈
∆Φ2ij
〉
k
− σ2M,k = b2 +m2ℓ2k.
In order to ensure we are in the linear regime, the ts are limited to only the smallest three
distane bins. Taking into aount the unertainties on the
〈
∆Φ2ij
〉
k
, the least-squares solutions
for the parameter b are given in Table 1.
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Fig. 1. Dispersion: Idealized plots of the angular dispersion funtion,
〈
∆Φ2 (ℓ)
〉1/2
, between pairs
of magneti eld vetors separated by displaements ℓ, for values of ℓ≪ d, with d the typial length
sale for variations in the large-sale magneti eld (see 3). Curve A: no measurement unertainty;
no turbulene. Curve B: with measurement unertainty, σM. Curve C: with turbulene. Curves D
and E: aounting for orrelation in polarization angles at displaements ℓ smaller than the larger
of the telesope beam (1.22λ/D) (Curve D) or the turbulent orrelation length δ (Curve E).
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Fig. 2. Angular dispersion funtion,
〈
∆Φ2 (ℓ)
〉1/2
, for M17, DR21(Main), and OMC-1. The
turbulent ontribution to the total angular dispersion is determined by the zero interept of the t
to the data at ℓ = 0. The measurement unertainties were removed prior to operating the ts to
the orresponding data sets. The results are given in Table 1.
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Table 1. Results for the dispersion, the turbulent to mean magneti eld strength ratio, the line
widths, and the mean eld strength.
Objet ba
〈
B2t
〉1/2
/B0
b σ(v) B0
c
(deg) (km s
−1
) (mG)
OMC-1 8.3± 0.3 0.10 ± 0.01 1.85 3.8
M17 10.4 ± 0.6 0.13 ± 0.01 1.66 2.9
DR21(Main) 6.8± 1.3 0.08 ± 0.02 4.09 10.6
a
Turbulent dispersion (i.e., the dispersion limit as ℓ→ 0).
b
Calulated with equation (7).
c
Calulated with equation (8), assumes a density of 105
m
−3
and a mean moleular weight of 2.3. These estimates
are not preise to better than a fator of a few. The proess of
signal integration through the thikness of the loud and aross
the telesope beam inherent to the polarization measurements
has also not been taken into aount.
